Diffusional mass transfer limitations in hollow fiber bioreactors -with densely packed whole cells in its extracapillary space to perform biotransformation reactions -have been studied theoretically using a steady-state diffusion and reaction model. Simple analytical expressions have been derived to calculate the radial and axial concentration profiles for zero-and first-order kinetics, as well as to plot effectiveness factor versus Thiele modulus plots for firstorder kinetics. The influence of the magnitude of the effective diffusion coefficients, the thickness of the isotropic membrane as well as the size of the annular cell region have been assessed to optimise the reactor performance.
List of symbols
Dimensionless variables Roman C k substrate concentration in region k (k = 1, 2 , 3), = C * k /C 0 I i ith-order modified Bessel function of the first kind k region number: lumen, membrane and shell-side correspond to k = 1, 2 and 3 respectively K i ith-order modified Bessel function of the second kind n number of hollow fibers P e a axial Peclet number, = U z R/D 2 r radial length coordinate, = r * /R z axial length coordinate, = z * /L Greek β geometric parameter δ geometric parameter γ membrane partition coefficient φ 0 zero-order Thiele modulus φ 1 first-order Thiele modulus η effectiveness factor ξ ratio of the effective diffusion coefficients, = D 3 /γ D 2 ψ as defined in Equation (7)
Introduction
The use of membrane immobilized bioreactors is of particular importance to perform bioconversions with whole cells (dead cells or resting cells). The cells can be entrapped at a high biomass density in the extracapillary space of a hollow fiber reactor to obtain a high volumetric productivity. Membrane entrapment is a very gentle immobilization technique since no chemical agents or harsh conditions are employed (Willaert & Baron 1996) . The hollow fiber membranes facilitate the downstream processing due to the in situ separation of the cells from the product. Additionally, cofactors can be co-entrapped to perform coenzyme-dependent bioconversions. Initial modelling of hollow fiber bioreactors was focused on immobilized enzymes which were located in the sponge wall or shell-side of the fiber (Prenosil & Hediger 1988) . Later, time dependency was introduced for entrapped enzymes or cells in the sponge wall (Kleinstreuer & Poweigha 1984 , Kleinstreuer & Agarwal 1986 or shell-side (Webster & Shuler 1981 , Trujillo 1987 ). This analysis has been extended to entrapped whole cells in the extracapillary space of diffusion-limited hollow fiber reactors (Davis & Watson 1985 , Heath & Belfort 1987 , Salmon & Robertson 1987 . Recently, the influence of convection in the membrane and shell-side has been included in the analysis (Heath et al. 1990 , Pillarella & Zydney 1990 , Piret & Cooney 1991 , Labecki et al. 1996 , Koska et al. 1997 , Kumar & Modak 1997 . Biocatalytic hollow fiber reactors are traditionally based on asymmetric polymeric membranes. Recently, progress in material research resulted in symmetric membranes with superior characteristics for biotechnological applications compared to asymmetric membranes. However, the use of these membranes for diffusion-limited hollow fiber bioreactors requires special attention since the performance is strongly dependent on the mass transfer limitations in the membrane.
Theoretical analysis
Assume that a well-mixed medium containing substrate flows axially in laminar flow in the lumen of axially parallel multiple hollow fibers. The lumen resistance is neglected but not the wall resistance as was the case for similar models for asymmetric membranes (e.g., Heath & Belfort 1987) . The shell-side is filled with whole cells to perform a biotransformation reaction. The constructed model describes the convective transport of substrate in the lumen of the hollow fiber reactor; radial diffusive transport in the membrane and the shell-side; and consumption according to the two limiting cases of Michaelis-Menten kinetics, i.e., zero-and first-order consumption. The general assumptions for the model are: steady-state, a Krogh cylinder geometry is adopted, diffusion of substrate can be modelled by Fick's law with constant effective diffusion coefficient, the polymeric membrane is symmetric and homogeneous, the cell suspension in the shell-side is homogeneous, the partition coefficient for substrate between the reactant solution and the membrane, and between the membrane and the cell suspension on the shell-side is unity.
The full equation of continuity in the lumen accounts for convective and diffusive mass transport in the axial and radial direction. It is assumed that in the lumen only laminar convective flow occurs, which is represented by an average axial fluid velocity (U z ). This is only valid in cases where no large pressure drops are present along the fiber length. For large axial Peclet numbers, which holds for typical commercial hollow fiber reactors and operating conditions, it is permissible to ignore the mass transfer resistance in the lumen (Piret & Cooney 1991) . The substrate mass balance and boundary conditions in dimensional form for the 3 regions -lumen (0 ≤ r * = R), membrane (R ≤ r * = βR) and shell-side (βR ≤ r * = δR) -can be written respectively as
where C * k is the substrate concentration in region k with k = 1 (lumen), 2 (membrane), 3 (shell-side); z * and r * are the axial and radial length coordinates respectively; R is the inner radius of the fiber; βR is the outer radius of the fiber; δR is the outer shell radius; γ is the membrane partition coefficient; D 2 and D 3 are the effective diffusion coefficients in the membrane and shell-side region respectively; U z is the average lumen fluid velocity and n is the number of hollow fibers.
For zero-order kinetics, the Michaelis-Menten reaction rate (V) is approximated by the maximum reaction rate (V m ) and Equations (2) and (3) can be solved analytically to yield the expressions for the dimensionless substrate profile in the membrane (C 2 = C * 2 /C 0 ) and the shell-side (C 3 = C * 3 /C 0 ):
where ξ is the ratio of D 3 to γ D 2 , and φ 0 is the zeroorder Thiele modulus (
). Differentiating Equation (4), and substituting in Equation (1) gives the axial C 1 profile:
where P e a is the axial Peclet number (= U z R/D 2 ) and L is the axial reactor length. By calculating the well-mixed axial concentration at a specific axial length z, the concentration profile in the membrane and shell-side at that axial position can now be calculated using Equations (4) and (5) respectively. For first-order kinetics, the Michaelis-Menten reaction rate is simplified to V m C 3 /K m (K m is the Michaelis-Menten constant). In this case the solution of Equation (2) can be expressed as
where I i and K i represent ith-order modified Bessel functions of the first and second kind, respectively; and φ 1 is the first-order Thiele modulus (
. Solving Equation (6) for first-order kinetics yields
Differentiating Equation (7) and substituting in Equation (1) yields the axial substrate profile
The first-order effectiveness factor (η 1 ) is derived by using the first-order limit of the Michaelis-Menten reaction rate equation and can be expressed as
Results and discussion

Radial and axial concentration profiles
Radial and axial concentration profiles in a hollow fiber bioreactor have been calculated for zero-and first-order reaction kinetics. Typical parameter values for the calculations are summarized in Table 1 . As a mean value for the membrane thickness, 100 µm was chosen, which gives a value of 1.2 for β. Typical values of the effective diffusion coefficients of substrate through the membrane and the densely packed cells in the shell-side were chosen to be 0.5 × 10 −10 m 2 s −1 and 1.0 × 10 −10 m 2 s −1 , respectively (see further 'Influence of the ratio of the diffusion coefficients D 3 /γ D 2 '). The choice of the kinetic parameters for a first-order reaction, was based on the enzymatic hydrolysis of urea: V m /K m equals 0.01 s −1 (Davis & Watson 1985) . This gives a φ 1 of 5 for a internal fiber radius (R) of 0.5 mm and an effective diffusion coefficient (D 3 ) of 1.0 × 10 −10 m 2 s −1 . A typical inlet concentration (C 0 ) is 2 mol l −1 (Kan & Shuler 1978) , which results for a zero-order reaction in a value of 1.1 for φ 0 (R = 0.5 mm, V m = 0.001 mol l −1 s −1 , D 3 = 1.0 × 10 −10 m 2 s −1 and C 0 = 2 mol l −1 ). The radial concentration profiles for different zeroand first-order Thiele moduli are shown in Figure 1 . For zero-order kinetics, the axial concentration decrease is larger with increasing Thiele modulus (Figure 1A) . In the range of Thiele moduli shown, the radial substrate concentration in the shell-side remains always higher than 10% of the inlet substrate concentration. For the above mentioned kinetic parameters which give a φ 0 value of 1.1, the substrate concentration in the module is always higher than 60% of the inlet concentration. For Thiele moduli with a value higher than 1.5, part of the shell-side will become inactive since the cells close to the outer edge of the cellular annulus will not receive substrate to perform a conversion reaction. For first-order kinetics, it is shown that the substrate concentration in the shell-side (with φ 1 = 5) decreases at the edge of the cellular annulus to 5% of the inlet concentration ( Figure 1B) .
The difference between the axial inlet and outlet concentration increases with increasing Thiele modulus, but -as a result of mass transfer limitationsthe difference between the radial concentration at the cellular annulus edge at axial position 0 and that radial concentration at position z = 1 decreases with increasing Thiele modulus. For a Thiele modulus of 10, mass transfer limitations are stringent and a large part of the cellular annulus becomes inactive.
Influence of the ratio of the diffusion coefficients
The effective diffusion coefficient decreases with increasing cell volume fraction to a value -for aggregates comprising of 95% cells -of ca. 30% of that obtained for cell-free buffer solution (Libicki et al. Table 1 ).
1988). A value of 3 has been reported for ξ (with γ = 1) for the diffusion of oxygen through a cellulose hollow fiber and densely packed hybridoma cells (Sardonini & DiBiasio 1992) . The diffusivity of urea in water and regenerated cellulose (D 2 ) has been reported as 1.2 × 10 −9 and 1.63 × 10 −10 m 2 s −1 , respectively (Davis & Watson 1985) . For a densely packed cell mass, D 3 can be estimated as 30% of 1.2 × 10 −9 m 2 s −1 , which gives a value of 2.2 for D 3 /D 2 . Waterland and co-workers (1974) assumed a membrane partition coefficient of unity and D 2 was assumed to be an order of magnitude lower than the solution diffusivity (D 1 ) to perform calculations for enzymatic catalysis using asymmetric hollow fiber membranes. For densely packed cells, D 3 can be es- timated as 30% of D 1 which results in a value of 3 for ξ . We have chosen 2(D 2 = 0.5 × 10 −10 m 2 s −1 ) as a typical value of ξ to perform the calculations (with γ = 1). The influence of ξ on the concentration profiles for zero-and first-order kinetics are shown in Figure 2 . This parameter is varied from 1 to 6 by changing D 2 but keeping D 3 constant. For zero-order kinetics, a ξ value of 6 results in a partly inactive module. For firstorder kinetics, the radial profiles are closer grouped. Mass transfer limitations become more stringent when ξ increases which is well demonstrated by the increasing reduction of the concentration difference between the concentration at z = 0 and z = 1 along the radial position when ξ increases. Trujillo (1987) studied the first-order conversion of uric acid by an encapsulated urate oxidase solution. He reported a D 2 value of 0.165 × 10 −10 m 2 s −1 for a nylon membrane and 0.867 × 10 −9 m 2 s −1 for the diffusivity coefficient of uric acid in the enzyme solution. If we estimate ξ by reducing the latter value with 30%, a value of 16 is obtained. Since the diffusivity through the nylon membrane is so small, the proper functioning of this system -using immobilized cells -is only possible by using a very thin membrane. The influence of diffusional mass transfer limitations on the reaction rate can be demonstrated by plotting η versus the Thiele modulus. Figure 4A shows a η-φ plot for first-order kinetics where the influence of parameter ξ is visualized. Mass transfer limitations are negligible for φ 1 values smaller than 1 and the reaction is kinetically controlled. For increasing Thiele moduli, diffusional mass transfer limitations become significant. The effectiveness factor decreases to 20% for a ξ value of unity and a φ 1 value of 5. Using Figure 4A , a numerical value can be attributed at the severe mass transfer limitations demonstrated in the above discussed case for ξ = 2 and φ 1 = 5 ( Figure 2B ): η is as low as 0.15. For larger values of ξ , the effectiveness drops below 10% and mass transfer limitations become very severe.
Influence of the membrane thickness
The reported thicknesses of isotropic membranes span a rather large interval: from 10 µm to 1 mm (e.g., Libicki et al. 1988 , Chung et al. 1987 . The advantage of isotropic membranes is the mechanical robustness compared to the skin layer of asymmetric polymeric membranes which are more prone to mechanical damage. These membranes have also a stable, steady performance over the cartridge lifetime and a high temperature stability. Recent advances in membrane development resulted in symmetric polymeric hollow fiber membranes with these characteristics.
The design of hollow fiber biocatalytic modules based on isotropic membranes requires special attention since the 'thick' membranes can reduce the effectiveness considerably. The influence of the membrane thickness on the radial concentration profiles for zero-and first-order kinetics is shown in Figure 3 . The membrane thickness is varied from 10 to 300 µm while the thickness of the cellular annulus is kept constant (δ-β = 0.44); this results in the following β and δ values: 10 µm (β = 1.02, δ = 1.46), 100 µm and 300 µm (β = 1.6, δ = 2.04). For zero-order kinetics, the decline of the substrate concentration in the membrane increases with increasing β ( Figure 3A) ; and the concentration decrease over the shell-side remains practically constant; except for the case with β = 1.6 where a large part of the cellular annulus is deprived of substrate. On the contrary, the concentration decline in the membrane and the concentration difference over the shell-side decreases with increasing β for first-order kinetics ( Figure 3B ). The effect of β on η is demonstrated in Figure 4B . It is clear that for a membrane with a thickness of 300 µm (β = 1.6), an effectiveness factor higher than 60% can only be obtained for φ 1 values smaller than 1. Even for a φ 1 value of 5 and a thickness of 10 µm (β = 1.02), the η value is only 35%. 
Influence of the thickness of the cellular annulus
The influence of the thickness of the cellular annulus is demonstrated for first-order kinetics by plotting η versus φ 1 with δ as the parameter ( Figure 4B ). The calculations are performed for a shell-side thickness of 50 µm (δ = 1.3), 100 µm (δ = 1.4), 220 µm (δ = 1.64) and 300 µm (δ = 1.8). A first-order reaction with a φ 1 value of 5 and a δ value of 1.64 (which is the case for a A/G Technology Xampler 4-C module) gives a low η of approximately 0.1. The Xampler module can give an effectiveness higher than 80% only when φ 1 is reduced below 1. However, a reduction of the thickness of the cellular annulus to 50 µm (δ = 1.3) would result in a η value of approximately 0.5 for φ 1 = 5. 
